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The Landau problem for inhomogeneous magnetic fields is examined in a very general context
and several interesting analogies with the Nielsen-Olesen vortices are established. Firstly we show
that the Landau problem with non-homogeneous magnetic fields exhibits Meissner effect that is
unstable unless two-body interactions are added and vortices emerge. Using the scaling freedom we
can write the Schro¨dinger equation in terms of the scales ratio κ = E/m ∝ 1 − T/Tc where the
last identification is realised simply by using the Gizburg-Landau theory. We find our equations are
valid in the superconducting regime, and it is not possible for the Cooper pairs amplitude to reach
to a constant, non-zero value, and therefore the theory is unstable. The supersymmetric quantum
mechanics version, by completeness, is also considered.
I. INTRODUCTION
The Meissner effect is a remarkable experimental result
that shows that the force lines of an external magnetic
field are expelled when penetrate a superconductor sam-
ple [1]. From a theoretical point of view this effect is
explained by the fact that the photons generate a mass
mγ which is the inverse of the penetration depth in the
superconductor.
Technically speaking, this effect is obtained when the
current J – which is the source of Ampere’s law – acquires
a piece JL = αA where α is identified a posteriori with
the mass of the photon and the relation between JL and
A is called the London equation.
The London equation is an ad hoc relationship that
explains an experimental fact but its conceptual content
is weak unless one demonstrates that it comes from a
fundamental explanation.
On the other hand, although the Ginzburg-Landau
theory is made on purely intuitive basis, its predictive
validity is widely proven not only in the field of super-
conductivity but also in the modern approach of Bose-
Einstein condensation in statistical systems [2], particle
physics [3] and cosmology [4] .
In spite of the fact that the relationship between su-
perconductivity and the quantum Hall effect is widely
discussed in connection with anyons, it seems that a
discussion in between superconductivity and the Lan-
dau problem [5], i.e. the motion of charged particles in
(non)homogeneous magnetic fields, is less explored prob-
lem.
This point of view is very interesting, we think, because
it helps to clarify the relationship between the Ginzburg-
Landau mean field theory [6] and the cornerstone Landau
problem.
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This “just in between” region is also interesting be-
cause corresponds to the transition between two non-
perturbative sectors where, in the first case, the role of
Cooper pairs is dominant while in the second case the
presence of the external magnetic field instead of the
Cooper pairs becomes more important.
In this paper we will discuss the connection between
the points outlined above and we will show how in the
Landau problem the Meissner effect emerges, and that
this effect would be destabilised by the absence of two-
body interactions.
The stabilisation of the Meissner effect requires sponta-
neous symmetry breaking, or in other words, it requires
the Hartree term
HH =
∫
dy ψ∗(x)ψ∗(y)W (x− y)ψ(y)ψ(x).
where one identifies W (x− y), the two-body interaction,
with the contact term, i.e. W (x− y) = λδ(x− y) with λ
the coupling constant.
In the absence of two-body interaction the spontaneous
symmetry breaking does not occur and the mass term for
ψ(x) has a sign ambiguity associated with one of the two
phases of the system. These conclusions will be reached
analytic and numerically.
The effects due to fermions will be also discussed using
supersymmetric quantum mechanics techniques and we
will show that, except for the Pauli’s term, the results of
the previous sections are maintained.
The paper is organised as follows: in section II we dis-
cuss the motion of a charged particle in no-homogeneous
magnetic field and we discuss the Meissner effect in this
context; in section III the role of fermions is discussed by
using supersymmetric quantum mechanics techniques. In
the last section we discuss our results and we present the
conclusions.
2II. MOTION OF CHARGED PARTICLES IN A
HOMOGENOUS MAGNETIC FIELD
The strategy of the calculation is similar to the mo-
tion of a charged particle in a homogenous magnetic field
(Landau problem). For purposes of comparison with
standard results (particularly with the Nielsen-Olesen
vortex solution [7]) it is convenient to describe the sys-
tem with cylindrical coordinates x = {ρ, ϕ, z}, and to
take the vector potential as follows
Aρ = 0, Aϕ =
α(ρ)
ρ
, Az = 0. (1)
The Hamiltonian describing a particle of mass m and
electric charge q = +1 in the presence of a magnetic field
B = (α′/ρ) zˆ, turns out to be 1
H =
1
2m
(p−A)2
=
1
2m
(
pˆ2ρ +
Lˆ2z
ρ2
+ pˆ2z − 2
LˆzAϕ
ρ
+A2ϕ
)
. (2)
with the operators pˆ2z = −∂2z , Lˆz = −ı ∂ϕ and pˆ2ρ =
−ρ−1∂ρ(ρ∂ρ). Since z and ϕ are cyclic variables, we take
the following ansatz for the wave function ψ(ρ, ϕ, z)
ψ(ρ, ϕ, z) = e−iLzϕeipzzf(ρ). (3)
where pz and Lz are the conserved quantities corre-
sponding to the cyclic variables. Will be useful to move
to dimensionless variables, so let us define x → xm,
Aϕ → Aϕ/m, p → p/m and ψ → ψ/m3/2. Correspond-
ingly, the magnetic field has to be scaled as B → B/m2
and the current source as J → J/m3. Therefore, the
Schro¨dinger equation becomes[
pˆ2ρ +
(
Lz
ρ
− Aϕ
)2
+ p2z
]
f(ρ) = 2κ2f(ρ), (4)
where κ2 = Em .
Since the wave function must be single-valued for
ϕ ∈ [0, 2π], then Lz = n with n ∈ Z. The Schro¨dinger
equation reads
1
ρ
∂
∂ρ
(
ρ
∂f
∂ρ
)
+
[
2κ2 −
(
n
ρ
−Aϕ
)2
− p2z
]
f = 0. (5)
This equation can be solved, in principle, if Aϕ(ρ) is
given. In order to find this potential in a consistent
way, we demand that the source of the magnetic field
B = (α′/ρ) zˆ in the Ampere’s law, to be the conserved
current for the Schro¨dinger equation (4), that is, the con-
served current of probability
J =
1
2i
(ψ∗∇ψ − ψ∇ψ∗)−Aψ∗ψ. (6)
1 Through all the text we use natural units.
For the ansatz (3), we find
J =
[(
Lz
ρ
− Aϕ
)
f2
]
eϕ + p
2
z f
2 ez, (7)
with {eϕ, ez} unit vectors. It is possible to choose –
without loss of generality – a frame such that pz = 0.
The Ampere’s law
∇×B = J, (8)
then, yields to
−∇2Aϕ =
(
n
ρ
−Aϕ
)
f2, (9)
or
1
ρ
∂
∂ρ
(
ρ
∂ Aϕ
∂ρ
)
− Aϕ
ρ2
+
(
n
ρ
−Aϕ
)
f2 = 0 (10)
We can write now the set of equations for f and Aϕ
(namely, the Schro¨dinger equation and the Ampere’s law)
in terms of α, using the ansatz of (1) and we find
f ′′ +
f ′
ρ
+
[
2κ2 − 1
ρ2
(n− α)2
]
f = 0, (11)
α′′ − α
′
ρ
+ (n− α) f2 = 0. (12)
This set of equations describes the motion of our sys-
tem. In order to discuss the solutions of this set, we will
consider the case n = 1 in the rest of the text.
Before moving on to the analysis and solving of these
coupled equations, a comment about the physics of this
model is in order. From equation (4), with pz = 0, we can
find the energy functional that leads to such equation.
We call E the (dimensionless) total energy per unit of
length of the system, and we have
E =
∫
d2x
[
1
2
(∇×A)2 + 1
2
| (−i∇−A)ψ|2 − κ2|ψ|2
]
.
(13)
Using the chosen vector potential given in (1), it can
be easily checked that the above functional gives both,
Schro¨dinger and Ampere’s law. We can compare this
energy with the one of a superconducting sample, which
is usually written as [8]
E =
∫
d2x
[
1
2
(∇×A)2 + 1
2
| (−i∇−A)ψ|2+
a0
2
(
T
Tc
− 1
)
|ψ|2 + g
4
|ψ|4
]
(14)
The |ψ|4 term gives the spontaneous symmetry breaking
that makes possible the second order phase transition,
and a0 and g are dimensionless constants. The important
point for us is that we can make the following identifica-
tion
κ2 =
a0
2
(
1− T
Tc
)
, (15)
3which implies that our equations are valid in the super-
conducting phase, meaning T ≤ Tc. We note that κ≪ 1
should represent a sample in the vicinity of the phase
transition point, whereas a greater κ corresponds to one
deep into the superconducting regime.
Coming back to our set of equations (11) and (12),
they can be solved for a set of boundary conditions. Such
conditions will be obtained from physical requirements in
the present approach.
The first requirement refers to the magnetic field.
We demand the following values at boundaries (in the
rescaled dimensionless variables)
B =
{
1 for ρ→ 0,
0 for ρ→∞, (16)
with B = |B| and B =∇×A = α′ρ zˆ.
Equation (16) imposes Meissner effect and for α it is
equivalent to
α(ρ) =


ρ2
2 for ρ≪ 1,
1 for ρ≫ 1.
(17)
In particular, this behaviour sets the following initial con-
ditions α(0) = 0, and α′(0) = 1 or, equivalently, the
following boundary conditions α(0) = 0 and α(∞) = 1,
where the symbol ‘∞’ stands for ρ≫ 1.
The boundary conditions for f are determined by our
second requirement that current is finite in the near re-
gion ρ ≈ 0, while it should vanish in the far region ρ≫ 1.
From (6), it is direct to check that both conditions hold
if
f(ρ) =


0 for ρ≪ 1,
constant for ρ≫ 1.
(18)
A. Asymptotic behaviour of the fields
In order to see if the assumed asymptotic behaviour of
α and f given in (17) and (18) are consistent with our
set of equations (11)-(12), let us perform an analysis in
both limits.
a) for ρ ≪ 1, we can decouple the set of equations,
considering α(ρ)≪ 1 and f(ρ)≪ 1 and we obtain
f ′′ +
f ′
ρ
− f
ρ2
= 0, (19)
α′′ − α
′
r
= 0, (20)
which accounts for a behaviour of α(ρ) ∼ c1
(
ρ
κ
)2
and f(ρ) ∼ c2 ρκ . Where c1, c2 are constants.
b) For ρ≫ 1 we consider α(ρ) ∼ 1+ǫ1(ρ), with ǫ≪ 1,
in order to have attenuation of the magnetic field
at greater distances (Meissner effect), therefore the
equation (12) gets replaced by
ǫ′′1 −
ǫ′1
ρ
− ǫ1f2 = 0. (21)
We see that if f ≈ const in the last equation, we
obtain for α(ρ) ∼ 1 + ρK1(fρ), however, the re-
placement of this expression back into eq. (11), for
f ∼ const, shows that f ≈ 0. Thus, we have to
instead consider the following asymptotic equation
ǫ′′1 −
ǫ′1
ρ
= 0, (22)
whose solutions are α ∼ 1 + b1 + b2ρ2, with b1, b2
constants, which is consistent with the Meissner
effect for b2 → 0. Therefore, the asymptotic be-
haviour of f(ρ) that is consistent with expulsion of
the magnetic field in the sample is f(ρ)→ 0 when
ρ→∞.
In order to find numerical solutions for our sets of dif-
ferential equations we implement a shooting method to
match the solution near ρ → 0 and ρ → ∞. In or-
der to do so, we consider for ρ ≪ 1 a polynomial be-
haviour f and α and for ρ ≫ 1 we can linearise the
equations as we did above, considering α(ρ) ∼ 1 + ǫ1(ρ)
and f(ρ) ∼ ǫ2(ρ)≪ 1. Thus,
ǫ′′2 +
ǫ′2
ρ
+ 2κ2ǫ2 = 0, (23)
ǫ′′1 −
ǫ′1
ρ
= 0, (24)
with solutions
α(ρ) = 1 + b1 + b2ρ, (25)
f(ρ) = d1J0(
√
2κ ρ) + d2Y0(
√
2κ ρ), (26)
where J0 and Y0 are Bessel functions and b1, b2, d1 and
d2 are constants of integration. In figure (1) we show the
magnetic field and Cooper pair amplitude as a function
of the distance for several values of κ. For smaller κ the
attenuation of the magnetic field is almost negligible, and
also the growing of the Cooper pair amplitude, this corre-
sponds to a temperature very near the phase transition,
T = Tc. As κ gets larger (and therefore the temperature
goes much below Tc) the effects on the magnetic field
are more significant. We can understand this behaviour
since, for ρ < 1, the missing f3 term that appears in the
usual Ginzburg-Landau theory can be neglected in com-
parison to the linear term [9]. Thus, near the border of
the superconductor, our model is a good approximation
of the superconductivity theory. But as ρ > 1, the cubic
term is needed to stabilise the Meissner effect. This last
statement can be used to understand why the amplitude
of the Cooper pairs fails to reach a constant asymptotic
behaviour, since the contact term between electrons is
missing. This translates to a magnetic flux inside the
sample which is not quantised and therefore, no vortices
can appear using this theory.
4FIG. 1. Magnetic field (red) and Cooper pair amplitude
(black) as a function of the distance (in dimensionless units)
for different values of κ. For smaller κ we expect to be at
the beginning of the superconducting phase, T ∼ Tc, and for
bigger κ, at temperatures below the phase transition T < Tc.
III. THE ROLE OF FERMIONS
In a conductive material the carriers are electrons and
therefore one should formulate the above problem includ-
ing the fermionic character of the carriers. From the
Hamiltonian point of view this means that we must put
from the beginning the Pauli term σµνF
µν that for the
static magnetic field this is reduced to σ.B.
In order to explain the previous statement we will pro-
ceed following an approach based in supersymmetry pro-
posed by one of us long time ago [10] 2. Thus, we start
by considering the following supersymmetric charges
S = (Di + ∂iW )σi ⊗ σ−,
S† = (−Di + ∂iW )σi ⊗ σ+, (27)
where σ± = σ1 ± iσ2 and σi are Pauli’s matrices, Di is
the covariant derivative defined as Di = ∂i − Ai, W is
the superpotential and
[Di, Dj] = −iFij ,
with Bk =
1
2ǫkijFij , the magnetic field.
In addition, supercharges must satisfy the algebra
{S, S†} = 2Hs, (28)
[Hs, S] = 0 =
[
Hs, S
†
]
, (29)
S2 = 0 = S†
2
. (30)
The explicit calculation of (28) defines Hs an then, by
using (27), we find
Hs =
1
2
(p−A)2 − 1
2
σ ·B+ (∇W )2 −∇2W σ3, (31)
with σ3 =
(
1 0
0 −1
)
.
The last term in the previous equation is identified
with the potential energy through (∇W )2 ∓ ∇2W =
u∓(x), defining a Ricatti equation for W. The signs ±
are related to the normalization of the ground state and,
for example, ψ
(+)
0 means that the spinor that corresponds
to the ground state is chosen as
ψ
(+)
0 =
(
e−W
0
)
.
The ground state is then related to W through W =
− lnψ and W is the superpotential. So, since the Hamil-
tonian is hermitian, W ∈ ℜ, then in symbolic form we
can write the Hamiltonian as
H±s =
1
2
(p−A)2 − 1
2
σ ·B+ (∇W )2 ∓∇2W, (32)
understanding, of course, that one and only one compo-
nent of the spinor is normalizable.
If we choose B = (0, 0, B3(x)), which is what we have
been considering, then
H± =
1
2
(p−A)2+(∇W )2∓
(
∇
2W − 1
2
B3(x)
)
. (33)
this is the fermionic extension of the Hamiltonian (2).
IV. DISCUSSION AND CONCLUSIONS
The motion of charged particles in an external (con-
stant) magnetic field is one of the most interesting prob-
lems of contemporary physics, and is present in many
other topics such as anyons, cosmic strings, Aharonov-
Bohm effect, cosmology, quantum Hall effect and so on.
The mechanism itself is remarkable because it makes
use of the gauge invariance (and its topological implica-
tions) through the modification of the canonical commu-
tators thus providing a natural link with highly sophisti-
cated mathematics (as for example noncommutative ge-
ometry and Poissonian manifolds).
However, we think that the Landau problem, properly
modified, can also be useful to understand the physical
basis that connects the superconductivity and the quan-
tum Hall effect.
The results that we have presented in this paper are a
step towards this direction. We have shown how to ap-
proach the critical points on both sides in a phase tran-
sition region and we have shown that even not being in
the critical phase equally one can find an interesting phe-
nomenon resembling the Meissner effect
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